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Abstract—In this article, we address the problem of optimal
joint power and resource allocation when Non-Orthogonal Multi-
ple Access (NOMA) and Orthogonal Frequency Multiple Access
(OFDMA) are combined for a hybrid downlink multiple access.
First, an optimal solution of joint power and resource allocation
minimizing the transmit power consumption, is obtained by
rewriting the original optimization problem into an equivalent
convex one and then by solving it by means of the well-known
interior-point method. Second, we analyze the properties of the
optimum, which are twofold; we show that at the optimum, the
order of the users is preserved from one channel to another.
Then, we derive a closed-form expression for the optimal power
allocation in the particular case where all users have positive
non-zero transmit powers in all channels.
I. INTRODUCTION
Non-Orthogonal Multiple Access (NOMA), and in particu-
lar Power-Domain NOMA (PD-NOMA) [1], has been recently
proposed as a promising multiple access method for future 5G
communication systems [2] to avert radio resource shortage
due to a huge increase of the number of connected devices
expected within few years. Contrary to traditional Orthogonal
Multiple Access (OMA) techniques such as Orthogonal Fre-
quency Division Multiple Access (OFDMA); several users can
be served in the same channel with NOMA. By exploiting the
channel gain differences, users are multiplexed into transmis-
sion power domain and then are non-orthogonally scheduled
for transmission on the same spectrum resources. Successive
interference cancellation (SIC) is then applied at the receivers
to decode the message signals.
Recently, NOMA combined with OFDMA has been recog-
nised to perform better than conventional OFDMA systems
as well as than pure NOMA schemes. For instance, it may
ensure more spectral efficiency and accommodate more users
than the conventional OFDMA-based systems [3]. Moreover,
joint power and resource allocation allows to OFDMA-based
NOMA to outperform pure NOMA in terms of transmit power
consumption. However, these benefits can be deeply affected
by power and resource allocations. Therefore, the problem of
joint power and resource allocation in OFDMA-based NOMA
systems with the objective to minimize the transmit power
consumption of a base station under a minimum capacity
requirement for served users, has attracted a lot of attention
in the research community.
Several solutions have been proposed in the literature in
order to address this problem. In [3], the authors solve it in
the case where only two users can be served in each channel.
In [4], the authors present a solution in order to solve a convex
approximation of the initial optimization problem. In [5],
the authors propose several sub-optimal resource allocation
techniques to solve this problem. In [6], it has been proven that
the problem of power allocation can be rewritten in a convex
form and it has been proposed a sub-optimal algorithm for
resource allocation. Nevertheless, none of the above mentioned
articles propose solutions in order to optimally solve the
problem of power and resource allocation for minimizing
the transmit power of a general model of an OFDMA-based
NOMA base station.
In the present paper, the starting point is the reformulation
proposed in [6] and we extend this result in order to show
that the whole problem of power and resource allocation can
be solved using classical convex optimization algorithms. In
[6], the power and resource allocations are obtained sequen-
tially; the authors first present an optimal solution of power
consumption with fixed resource allocation and then based
on this, they try to refine this solution in order to jointly
optimize both power and resource allocation by proposing
a near-optimal algorithm. Although we start from the same
reformulation given in [6], we proceed differently by first
jointly optimizing power and resource allocation assuming a
unique optimization problem. Second, we carry out an analysis
of the properties of the optimal power and resource allocation.
The main concluding remarks that we can draw from this
analysis are summarized as:
• the problem of power and resource allocation can be
solved using well-known algorithms such as an interior
point method [7],
• when optimal power and resource allocation is performed,
the order of the users is preserved from one channel to
an other; when a user order is defined for a channel, no
switching is possible in another channel,
• a closed-form expression for the optimal power and
resource allocation is proposed when assuming non-zero
transmit power for all users in all channels.
The paper is organized as follows. The system model is
Fig. 1. The proposed system model where a base station serves Nu users.
briefly described in Section II. In Section III, we set the
problem of joint power and resource allocation in OFDMA-
based NOMA system. In Section IV, we start by proving
that the problem of power and resource allocation can be
solved jointly using convex optimization algorithms; then, we
analyze the optimal power and resource allocation. Numerical
simulations reported in Section V corroborate the previous
analysis. Finally, conclusions are conducted in Section VI.
II. SYSTEM MODEL
As illustrated in Figure 1, we assume the downlink of a base
station which serves Nu users. To do so, the base station has a
bandwidth B which is divided in Nc channels of size Bc = BNc .
We denote by gk,n = |hk,n |2 the channel coefficient of the user
k in channel n. Moreover, we denote σ2 = kBT Bc the thermal
noise variance, where kB is the Boltzmann constant and T is
the temperature in Kelvin. The base station aims to ensure
to each user a given QoS in term of minimum capacity. We
denote Ck the capacity constraint of user k.
The base station combines two techniques for the multiple
access. The first one is the OFDMA [8], [9], where the users
are orthogonally multiplexed into the spectral domain. The
second technique is NOMA [1], where several users can be
multiplexed in the same channel, for example in the power
domain. We give an example of the considered multiple access
scheme in Figure 2.
We denote by Pk,nTx the transmit power used to serve user k
in channel n. As explained in [10], when NOMA is used in
one channel, the transmit power Pk,nTx allocated to each user
decreases as the channel coefficient of the user gk,n increases.
In each channel where NOMA is used, each user employs a
SIC receiver to iteratively cancel the signal which has a higher
transmit power. Consequently, by exploiting this power order,
each user is able to recover its own signal. Denoting Sk the
set of channels allocated to user k, the capacity, Ck,n, of user
k in channel n is given by
Ck,n = Bc log2
(
1 +
Pk,nTx gk,n
σ2 + Ik,n
)
, (1)
with Ik,n is the remaining interference caused by signals
transmitted to the users served in the same channel and which
Fig. 2. An example of NOMA-OFDMA. In this example, users 1 and 2
are separated in the frequency domain (OFDMA), whereas users 2 and 3 are
separated in the power domain (NOMA).
can not be removed by SIC. Assuming perfect SIC, this
interference is defined as
Ik,n = gk,n
∑
i s.t.: n∈Si
and, gi,n>gk,n
Pi,nTx . (2)
III. PROBLEM FORMULATION
The considered optimization problem aims to minimize the
transmit power of the base station operating with OFDMA-
based NOMA under a minimum capacity requirement for
served users. Denoting Ck the capacity constraint of user k,
the problem to be solved in terms of both resource and power
allocation, can be written as
arg min
Pk,nTx ,Sk
Nu∑
k=1
∑
n∈Sk
Pk,nTx , (3a)
s.t. Ck − Bc
∑
n∈Sk
log2
(
1 +
Pk,nTx gk,n
σ2 + Ik,n
)
≤0, ∀k, (3b)
where, Ik,n = gk,n
∑
i s.t.: n∈Si
and, gi,n>gk,n
Pi,nTx , (3c)
Pk,nTx ≥ 0, ∀k, n. (3d)
In the problem defined by (3), (3a) is the objective function
which is the sum of the transmit power of all users in
their allocated channels. Besides, (3b) depicts the capacity
constraints of the users and (3d) is a physical constraint
which ensures that all the transmit powers are positive. In the
following, we propose an algorithm to optimally allocate both
power and resource to the served users in order to minimize
the transmit power as defined in (3a).
After assuming that the resource allocation has been done,
we rewrite the problem in a more tractable form, as given
in [6]. The key idea in this reformulation is to reorder the
transmit powers of involved users for each channel n, by
introducing the index kn which is the index of user k over
the channel n. Assuming a resource allocation hypothesis and
according to the new notation, we have a set of Nu(n) users
non-orthogonally scheduled over the channel n: each of them
has a channel coefficient gk,n and a transmit power P
k,n
Tx in
channel n. For instance, the index kn is equal to 1 if user k
has the highest coefficient in channel n; it is equal to 2 if user
k has the second highest coefficient in channel n and so on.
According to this new notation, the problem of (3) becomes
arg min
Pkn ,nTx
Nc∑
n=1
Nu(n)∑
kn=1
Pkn,nTx , (4a)
s.t. Ck − Bc
∑
n∈Sk
log2
(
1 +
Pkn,nTx gkn,n
σ2 + Ikn,n
)
≤ 0, ∀k, (4b)
where, Ikn,n = gkn,n
kn−1∑
in=1
Pin,nTx , (4c)
Pkn,nTx ≥ 0, ∀k, n. (4d)
We now rewrite the problem of (4) as a function of Ckn,n,
the capacity of user k in channel n. Using (1), the transmit
power of user k in channel n is equal to:
Pkn,nTx =
(
2Ckn ,n/Bc − 1
) ( σ2
gkn,n
+
kn−1∑
in=1
Pin,nTx
)
. (5)
Let’s introduce Γkn,n =
∑kn
in=1 P
in,n
Tx as the sum of the
transmit powers lower or equal to Pkn,nTx . With this new
notation, (5) becomes:
Γkn,n =
(
2Ckn ,n/Bc − 1
) ( σ2
gkn,n
+ Γkn−1,n
)
+ Γkn−1,n, (6)
where Γ0,n = 0. Subsequently, we can express Γkn,n as a
function of the capacity of the users in channel n:
Γkn,n =
kn−1∑
jn=1
©­«σ2 2
Cjn ,n
Bc − 1
gjn,n
2
∑kn
ln= jn+1
Cln ,n
Bc
ª®¬
+
σ2
gkn,n
(2
Ckn ,n
Bc − 1).
(7)
We can now express the minimization problem of (4) as a
function of the variables Ckn,n
arg min
Ckn ,n
Nc∑
n=1
ΓNu(n),n, (8a)
s.t. Ck −
∑
n∈Sk
Ckn,n ≤ 0, ∀k, (8b)
Ckn,n ≥ 0, ∀k, n. (8c)
It has been proved in [6] that the problem of power
allocation defined by (8) is convex. So it can be solved using
an algorithm such as an interior point method [7].
IV. OPTIMAL POWER AND RESOURCE ALLOCATION
In this section, we first show that the problem of resource al-
location can be solved using a convex optimization algorithm.
Then, we emphasize some properties of the optimal power and
resource allocation when all the users have a non-zero transmit
power in all the channels.
A. Optimal resource allocation
The problem defined by (8) is convex for any resource
allocation [6]. And so it is, when all users are allocated to
all channels. In that case, as the problem of power allocation
is convex, we know that the use of a convex optimization
algorithm provides the optimal result. This algorithm starts
by allocating to all users all channels and then it may set
some transmit powers of some users over some subchannels
to zero, when providing the optimal power allocation; this
consists in an implicit optimal resource allocation result. Thus,
this algorithm provide the optimal joint power and resource
allocation result.
In other words, we can perform the optimal power and
resource allocation by starting to allocate to all users all chan-
nels and to perform an optimal power allocation employing
any convex optimization algorithm [11], while zero transmit
powers are possible solutions (in this case, the channel is not
assigned to this particular user).
B. Order of users at the optimum
The following property characterizes the optimal power
allocation:
Proposition 1. Assuming k and k ′ two users; and n1 and n2
two channels such that gk,n1 > gk′,n1 and gk,n2 < gk′,n2 . If
Pk,n1Tx > 0 and P
k′,n1
Tx > 0, then either P
k,n2
Tx = 0 or P
k′,n2
Tx = 0.
The proof is given in appendix A.
In other words, in the case where two users are served in
a given order in one channel in terms of transmit power (one
with a higher transmit power than the other one), they cannot
be served in another channel in the reverse order.
Thanks to this proposition, we can anticipate some of the
transmit powers that are going to be set to zero. To do so,
we have to sort the users in a given order, e.g., by descending
order of their average channel gain (or pathloss). Once the
users are sorted, user 1 is the one with the highest pathloss,
and user Nu is the one with the lowest pathloss.
C. A particular case: when all users have a non-zero transmit
power in all channels
In order to better understand the optimal power allocation,
we derive, in this section, its expression in the case where
all users are served with a non-zero transmit power in all
channels. It is worth noting that, according to Proposition 1,
this case occurs only when the order of users is preserved
between channels. Thus, we have, for all k ∈ ~1; Nu,
k = k1 = k2 = · · · = kNc and Nu(n) = Nu, ∀n ∈ ~1; Nc.
Proposition 2. In the case where all users have a non-zero
transmit power in all channels, the optimal capacity of user
k in channel n is given by:
CNu,n =
CNu
Nc
− Bc
Nc
Nc∑
m=1
log2
©­« gNu−1,mgNu,m(gNu−1,m − gNu,m)σ2 ln(2)Bc ª®¬
+ Bc log2
©­« gNu−1,ngNu,n(gNu−1,n − gNu,n)σ2 ln(2)Bc ª®¬ , (9)
Ck,n =
Ck
Nc
− Bc
Nc
Nc∑
m=1
log2
(
gk−1,m(gk,m − gk+1,m)
gk+1,m(gk−1,m − gk,m)
)
+ Bc log2
(
gk−1,n(gk,n − gk+1,n)
gk+1,n(gk−1,n − gk,n)
)
, (10)
C1,n =
C1
Nc
− Bc
Nc
Nc∑
m=1
log2
(
g1,m − g2,m
g2,m
)
+Bc log2
(
g1,n − g2,n
g2,n
)
.
(11)
The formulas proposed here are not valid in the general
case. Indeed, when the index of users varies from one channel
to another (i.e. kn , kn′), it is impossible to obtain as clear
closed-form expressions as the ones presented in Proposition
2. As these formulas are only valid in a particular case, they
cannot be used for power allocation in any case. However, the
result given by these formulas can be used as a starting point
for the interior point method. To the best of our knowledge,
unlike the OFDMA case where the water-filling formula is
always valid, we did not find a general formula for the NOMA
case. Besides, the transmit power of user 1 is:
P1,nTx =
σ2
(
g1,n − g2,n
)
g2,ng1,n
©­« 2
C1
Nc Bc
(∏Nc
m=1
g1,m−g2,m
g2,m
)
1
Nc
− g2,n
g1,n − g2,n
ª®¬
(12)
By studying this particular case, we observe that, in the case
where all users have a non-zero transmit power in all channels,
the expression of the transmit powers of user 1 is similar to the
well-known water-filling algorithm [9]. Moreover, we can see
that compared to the OFDMA case where the power allocation
depends on the channel coefficients, in the NOMA case, the
transmit power is dependent on the difference between the
channel coefficients.
V. SIMULATION RESULTS
In this section, numerical results obtained from simulations
are given in order to assess the performance of the proposed
optimal joint power and resource allocation when OFDMA-
based NOMA is employed. We consider a micro-cell that
serves several users. As in the LTE standards we suppose that
the band is divided in Nc 180 kHz bandwidth subchannels. The
thermal noise in each channel is equal to σ2 = −121.44 dB
and a 2 dB noise figure is considered. Moreover, we consider
a 10 dBi antenna gain and the pathlosses are computed with
the Winner II ’B1 - Urban Micro-cell’ pathloss model with
a 2 GHz central frequency. We employ the Extended Typical
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Fig. 3. Total transmit power of the base station when both users are at the
same distance from the base station(equal to 400 m).
Urban (ETU) channel model to generate fading. We suppose
that all users have the same capacity constraint.
We first consider Nc = 4 channels and Nu = 2 users. In such
a configuration, with few channels and users, we can compare
the proposed solution with iterative approaches. Therefore, for
sake of fairness, we compare:
1) The proposed solution where the optimal joint power and
resource allocation is computed using an interior point
method. This scheme is denoted in figures by NOMA -
Interior point.
2) The optimal OFDMA-based NOMA where the resource
allocation is performed through an exhaustive search
and the optimal power allocation is conducted using an
interior point method. Correspondingly, this scheme is
denoted by NOMA - iterative.
3) The optimal OFDMA power and resource allocation
where the resource allocation is performed through an
exhaustive search and the power allocation by means of
water-filling algorithm. Correspondingly, this scheme is
denoted by OFDMA - iterative.
4) A sub-optimal power and resource allocation from
[8] where the Bandwidth Assignment Based on SNR
(BABS) and Amplitude Craving Greedy (ACG) are
respectively used for computing the number of channels
per user and for channels assignment, and, where the
power allocation is done with the water-filling algorithm.
We first consider that the two users are at the same distance
from the base station (equal to 400 m), and, we display in
Figure 3 the transmit power of the base station versus the
capacity constraint of the users.
In the case where the users are at the same distance
from the base station, OFDMA-based NOMA schemes offer
sensible gains but not sizable ones compared to OFDMA
schemes. Indeed, when the users have a similar pathloss, some
inversions between the channel coefficients can occur, and con-
sequently, according to Proposition 1, only one user is served
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Fig. 4. Total transmit power of the base station when one user is near the
base station and the other far.
in some channels. In that case, the iterative NOMA strategy
provides between 5 and 25 % transmit power gain. Besides,
the proposed strategy provides up to 35 % transmit power gain
compared to the BABS+ACG strategy. Moreover, we can see
in Figure 3 that there is a small gap between NOMA with an
exhaustive resource allocation and the proposed strategy. This
difference is to be attributed to numerical approximations.
We now consider the case where the first user is near the
base station (200 m) and the second is far from it (400 m).
The results are displayed in Figure 4. In this scenario where
the difference between the channel coefficients is important,
OFDMA-based NOMA scheme have larger gains compared to
OFDMA. In that case, the transmit power consumption with
the proposed strategy is up to 40 % lower than that required
with the BABS+ACG policy.
We now consider a more realistic scenario where the base
station has a 500 m cell radius. Moreover, 50 channels are
used to serve users. We first consider that Nu = 10 uniformly
distributed users within the Cell coverage and served by
the base station. The results are reported in Figure 5. We
observe that the benefit of OFDMA-based NOMA over pure
OFMDA increases with the capacity constraint of the users. In
the simulated scenario, the gain provided by OFDMA-based
NOMA varies from 6 and 50 %.
We now analyse the evolution of the total transmit power as
a function of the number of users in the cell coverage. For that
purpose, we consider that each user as a capacity constraint of
1 Mbits/s and we display in Figure 6 the total transmit power
of the base station as a function of Nu . We observe in this
figure that the benefit of OFDMA-based NOMA compared to
pure OFDMA increases with the number of users. This is an
expected and non-surprizing result since pure OFDMA can
only have one user per channel, which limits its potential,
mainly when the number of users is close to the number of
channels. In the case where Nu = 15 users are served by
the base station, OFDMA-based NOMA has a 20 % transmit
power gain compared to pure OFDMA. To have the same
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Fig. 5. Comparison of the proposed NOMA strategy with an efficient OFDMA
strategy [8] versus the capacity constraint of the users.
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Fig. 6. Comparison of the proposed OFDMA-based NOMA strategy with an
efficient OFDMA strategy [8] versus the number of users in the cell coverage.
performance in OFDMA, we have to use twice as much
channels.
VI. CONCLUSIONS
In this paper, we have shown that the problem of power
and resource allocation in a OFDMA-based NOMA systems
can be solved using an interior point method. Then, we have
analyzed the optimum. We have shown that at the optimum,
the users are served in a given order in terms of transmit
powers which does not change from one channel to another.
Our numerical results show that with the proposed power and
resource allocation, OFDMA-based NOMA outperforms pure
OFDMA.
The interior point method can be long to converge and can
lead to some numerical approximation errors, mainly when
several constraints are binding. That is why, in our future
work, we plan to propose sub-optimal solutions for the purpose
of power and resource allocation in OFDMA-based NOMA
systems.
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APPENDIX A
PROOF OF PROPOSITION 1
The Lagrangian of the problem defined by (8) is equal to
L =
Nc∑
n=1
ΓNu(n),n −
Nu∑
k=1
λk
( ∑
n∈Sk
Ckn,n − Ck
)
, (13)
where λk is the Lagrange multiplier relative to the capacity
constraint of user k. It is worthnoting that, the constraints of
positivity are not considered in the Lagrangian and will be
considered later. Since the problem defined by (8) is convex,
the gradient of this Lagrangian is zero at the optimum, i.e.,
∂L
∂Ckn,n
= 0⇔
∂ΓNu(n),n
∂Ckn,n
= λk . (14)
Then, in a channel which is used to serve at least two users,
the partial derivative of ΓNu(n),n with respect to Ckn,n, kn > 1,
is
∂ΓNu(n),n
∂Ckn,n
=
σ2 ln(2)2
∑Nu(n)
ln=1
Cln ,n
Bc
Bcg1,n
+
kn−1∑
jn=1
(
σ2 ln(2)
Bcgjn,ngjn+1,n
(gjn,n − gjn+1,n)2
∑Nu(n)
ln= jn+1
Cln ,n
Bc
)
. (15)
Expression in (15) can be rewritten as
∂ΓNu(n),n
∂Ckn,n
=
∂ΓNu(n),n
∂Ckn−1,n
+
σ2 ln(2)
Bcgkn,ngkn−1,n
(gkn−1,n − gkn,n)2
∑Nu(n)
ln=kn
Cln ,n
Bc . (16)
Putting (14) in (16), we derive
λkn,n − λkn−1,n =
σ2 ln(2)
Bcgkn,ngkn−1,n
(gkn−1,n − gkn,n)2
∑Nu(n)
ln=kn
Cln ,n
Bc . (17)
In (17), λkn,n = λk is the Lagrange multiplier of user k
which has index kn in channel n. Moreover, λkn−1,n is the
Lagrange multiplier of the user (k ′) with a directly lower
transmit power in this channel. The right side of equality (17)
is strictly positive, consequently, λk = λkn,n > λk′ = λkn−1,n.
Subsequently, at the optimum, the Lagrange multiplier of a
user is higher than the ones of the users with a lowest, but
non-zero, transmit power in this channel. In other words, if
the users k and k ′ are optimally served in one channel (n1)
with a non-zero transmit power, and where, 0 < Pk,n1Tx < P
k′,n1
Tx
(gk,n1 > gk′,n1 ). Their Lagrange multipliers are going to satisfy
the condition λk > λk′ .
Consequently, if there is another channel (n2) where gk,n2 <
gk′,n2 the transmit power of at least one of these two users is
equal to zero in channel n2. This proves Proposition 1.
APPENDIX B
PROOF OF PROPOSITION 2
We recall here that, all users have non-zero transmit powers.
In such case, ∀k ∈ ~1; Nu, k = k1 = · · · = kNc and Nu(n) =
Nu, ∀n ∈ ~1; Nc. Thus, we can derive from equation (16)
CNu,n = Bc log2
©­« (λNu,n − λNu−1,n)gNu−1,ngNu,n(gNu−1,n − gNu,n)σ2 ln(2)Bc ª®¬ . (18)
Then, we can deduce, ∀k ∈ [[2; Nu − 1]], that
Ck,n = Bc log2
( (λk,n − λk−1,n)gk−1,n(gk,n − gk+1,n)
gk+1,n(gk−1,n − gk,n)
)
. (19)
Using (15) in the case where k = 2 and the partial derivative
of the Lagrangian with respect to C1,n, we can deduce
C1,n = Bc log2
(
λ1,n(g1,n − g2,n)
(λ2,n − λ1,n)g2,n
)
. (20)
For this particular case, the channel coefficients have to
respect the following conditions. Every user is allocated to
every channel and the Proposition 1 is respected. As every
user is allocated to each channel, we have
Ck =
Nc∑
m=1
Ck,m, ∀k ∈ [[1; Nu]]. (21)
Using all (18), (19), (20), and (21), we derive the three
entities
log2 (λNu,n − λNu−1,n) =
CNu
NcBc
− 1
Nc
Nc∑
m=1
log2
©­« gNu−1,mgNu,m(gNu−1,m − gNu,m)σ2 ln(2)Bc ª®¬ , (22)
log2
(λk,n − λk−1,n)
(λk+1,n − λk,n)
=
Ck
NcBc
− 1
Nc
Nc∑
m=1
log2
(
gk−1,m(gk,m − gk+1,m)
gk+1,m(gk−1,m − gk,m)
)
, (23)
log2
λ1,n
(λ2,n − λ1,n)
=
C1
NcBc
− 1
Nc
Nc∑
m=1
log2
(
g1,m − g2,m
g2,m
)
. (24)
Finally, using the later results, we derive the expression of
the capacity of each user in each channel given in Proposition
2.
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